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THE EQUIVARIANT DOLBEAULT LEMMA
BY

WILFRIED SCHMID1 AND JOSEPH A. WOLF2

Abstract. A form of the Dolbeault Lemma is obtained for circular domains

D c C", which is equivariant for the subgroup of GL(/?; C) that stabilizes D.

1. Introduction and statement. In our work on representation theory we have had

occasion to use holomorphic triviality arguments in an equivariant context. Since the

appropriate form of the Dolbeault Lemma is generally useful but is not in the

literature, we decided to write it up separately.

Let D be a domain in C" that is circular in the sense tD c D whenever t is a

complex number with \t\ < 1. G = {g e GL(n; C): gD = D) is its stabilizer in the

general linear group. Fix a Frechet space F and denote

C(D; F):     the space of all F-valued C00 (0, <?)-forms on D,

Zq(D; F):     the subspace of C(D; F) given by du = 0.

Here, of course, Cq(D; F) is a Frechet space in the C00 topology and Z'<(D; F) is a

closed subspace. Our result is the

Equivariant Dolbeault Lemma. There exist continuous operators

H: C+I(Z); F) -» C(D; F),       0^q<n,

such that

(i)Hdu + dHu = w for every a e C(D; F),q> 1;

(ii) ifg e G then g*Hu = Hg*ufor every w e C(D; F);

(iii) if b: F —> F is a continuous linear operator then b ■ Hu = H(b ■ w) for every

w e C(D; F).

In   particular,    H:    Zc/+l(D; F) -»  Cq(D; F)   is   a   continuous    G X BL(F)

equivariant inverse to 9: C(D; F) -> Zq+1(D\ F) for q > 1.

2. The one variable formula. Suppose n = 1, so either D = C' or Z) is a disk

{z g C: |z| < p) in C'. If <j>: F -» C is a continuous linear functional, we define

V C'(£>; F)-» C°(£>;C)

as follows. On the <jr '-image of the polynomial (0,1)-forms we define

if $ ■ w = Da„zrr <& then h+(a) = E -^j^r^+1.
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Now h^ extends by continuity to C\D\ F). By construction, dh^(u) = <J> ■ w. A

short calculation with monomials gives the formal properties

if a e C then aD c D, and mu: z <-* az satisfies

if w is a positive integer and/ g C°(D; C) then

M5(*"/)) = *>(/)■
Let F[ and F{ be subspaces of the continuous dual F' of F, and suppose that we

have continuous linear maps

h,: C\D; F) - C0{D; F/(F',)±),       i = 1,2,

such that

if <) g F/then<f>- h,(u) = h^{«) for all w e C'(D; F).

Then there is a unique continuous linear map

h2: C\D\ F) -* C°(D; F/{F{ + F,')"1)

that yields /i, and h2 on projection of function values from F/(F,' + F2')x to

F/tF,')-1 and F/(F{)1-, and that satisfies <j> ■ h3(u) = h^(w) for all </> e F,' + F,'.

Now an easy transfinite induction give us

Lemma. There is a unique continuous linear map h: C\D\ F) -* C°(D; F) such

that

(2.1) (/<J>g F'and<j>- co = Y,arszrf dz, then <}> ■ h(u) = L^yz'?'4"'.

Iff g C°(Z>; F) and w G C'(Z>; F) then, from the corresponding properties of the h^,

(2.2) o7z(w) = co;

(2.3) m*h(u) = h(m*u) when a g C wi'/z aZ) c Z); a«d

(2.4) /; • 3(z"'/) = zmffor all integers m > 0.

3. Several variables. Now D c C", « > 1. If 1 < j < n then /(9/9z,-) and e(dzf)

denote interior and exterior product, respectively. D is assumed stable under the

multiplications mt: z -> tz, \t\ < 1, and of course if z g D we have e > 0 depending

on z such that m, maps a neighborhood of z into Z) whenever \t\ < 1 + e. By (2.3) we

may thus define continuous linear maps

H:Cq+\D,F)^Cq(D,F)    for0<(?<«

by the formula

(3.1) H»=  £^,L?{i^)«JAdrj      .

Here h, is the operator of the one variable lemma in §2, for the complex variable t.
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Compute

(3.2) Hdu+dHu =  i,z.h, im*li(-j   8co    A dt\

+ f:e(^)-*J«f{'(^)«} A di\

To prove (3.3) below, it suffices to consider the case w = fdzx A • •• A dzk, k =

q + 1 ^ 1. In (3.2) the second summand is equal to

£ /?,    < dz} A r'l   ^r   /(rz)P iz, A • • ■ A £t    A df

=   f;Aj|rl«(^)-i(^)inJ«jAdrj

= kh,(r\m*u} A <*)|,=.i-

The first and third summands of (3.2) add up to

I,*'(f'M'(4M+M'(4M] HL

\l;'M'(4H-'"+M^)"HL
=   V /z.   z,m*{ -^-</z, A • • • A &    A J("
y-, 'r 'm */     ;,_,

= &,    { f"^/(fz) *i A ■ • • A dz* j A A"J       .

On the other hand, since k > 0 we can use (2.4) to see

h,(d,m*u>) = ht{*t[ikf{tz) dzx A • • • A rfz-J)

= tkf(tz) dzx A ••• A dzA

=  W*60

so

= /zr(8»)|,= 1

= A,(5,{f*/(te)) «fr, A •••A dzk)\t^

= kh,(f-]{m*w) A df)|,_, + M{f~*'T=/(*z)dz1 A ••■ A dzk\ A di\
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In conclusion,

(3.3) Hdcc + dHu = co    for all w g Ck(D; F),k > 1.

In the formula (3.1) for H, we can replace the multipliers z, by any independent

set of conjugate linear functionals /,,...,/„ on C", provided that we replace the

d/dZj by the dual basis of C". Thus, if g g GL(«;C) preserves D, then (3.1) is

equivalent to

Now

»(**«) = ig*{zj)htlm?lilgtj--) -g*coj A dt\

"       I    I ! d \   )      -\
= S* Jl zjht   m*I il Tr-- uo > A dt becauseg*m* = m*g* and (2.3)

y-i '      \      \\dzJl    I I ,_,

= g*ff(«).

We have just verified that

(3.4) g*Hoj = Hg*u    for all gG G, w g Cq+X(D; F).

Finally, let /3: F -> F be a continuous linear map. It acts on the values of w and

Hw. If fr has rank 1 then we have <j> <^ F' and v g F such that

/3 ( w ) = <J> (u) v   for all w g F

and then

= £^(<{''(^)(* •»)}**"      •«

= //(&■ w).

Now an extension argument along the lines of that §2 gives a maximal subspace of F

such that b ■ H(oj) = H(b ■ u) whenever b has range in the subspace, and that

subspace must be all of F because we can always add the range of a rank 1 operator

to it. Thus

(3.5) b ■ H(u) = H(b • a)    for all b G BL(F).

The Equivariant Dolbeault Lemma is obtained by combining (3.1) and (3.3)-(3.5).
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Note that, given a net (<J>a: a g A) c F' such that the <j>a are linearly independent

and F' is their weak* closed span, the definition (3.1) is constructive. This applies in

particular if dim F < oo. This constructiveness is the key point at which our

argument differs from the standard, somewhat combinatorial, proof of the Dolbeault

Lemma. Note also that our proof is loosely modeled on the standard proof of the

Poincare Lemma.
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